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Abstract
A multilayered plate theory taking into account transverse shear and normal stretching is presented. The theory is based on a seven-unknowns
kinematic field with five warping functions. Four warping functions are related to the transverse shear, the fifth to the normal stretching. The
warping functions are issued from exact three-dimensional solutions. They are related to the variations of transverse shear and normal stresses
computed at specific points for a simply supported bending problem. Reddy, Cho–Parmerter and (a modified version of) Beakou–Touratier
theories have been retained for comparisons. Extended versions of these theories, able to manage the normal stretching, are also considered.
These theories, which use the same kinematic field with different warping functions, are compared to analytical solutions for the bending of
simply supported plates. Various plates are considered, with special focus on low length-to-thickness ratios: an isotropic plate, two homogeneous
orthotropic plates with ply orientation of 0 and 5 degrees, a [0/c/0] sandwich panel and a [−45/0/45/90]s composite plate. Results show that
models are more accurate if their kinematic fields (i) depend on all material properties (not only the transverse shear stiffnesses) (ii) depend on the
length-to-thickness ratios (iii) present a coupling between the x and y directions.
Keywords: Plate theory, warping function, normal stretching, laminate, sandwich, vibration
1. Introduction
Plate theories have been enhanced in order to model structures be-
coming more and more complex over the years. For thin homogeneous
plates, works of Cauchy [1], Kirchhoff [2] and Love [3] have lead to
the so-called Love–Kirchhoff theory, which does not take into account
the transverse shear. For moderately thick homogeneous plates, trans-
verse shear must appear in the formulation. Authors like Reissner,
Hencky, Bolle, Uflyand, Hildebrand and Mindlin [4–9] have proposed
to integrate the shear phenomenon into their formulation. In particu-
lar, Reissner made assumptions on stresses, hence shear stresses have a
parabolic distribution and the normal stress is considered in his model
which is derived from a complementary energy. The other authors
made assumptions on displacements. For example, Hencky and Bolle
considered a linear variation of the displacements u and v with con-
stant transverse shear strains, but no normal strain. Mindlin developed
the dynamic version of Hencky’s theory. Mindlin’s and Reissner’s the-
ories are often associated but it is incorrect as demonstrated in ref-
erence [10]. The Hencky–Mindlin theory tends to overestimate the
transverse shear stiffnesses. Hence, a shear correction factor has been
proposed, generally fixed to the value of 5/6 for static studies of ho-
mogeneous plates. Except works such as Lévy’s memoir [11], Hilde-
brand’s second-order theory [8] and Vlasov’s and Murthy ’s third-order
theories [12, 13], higher-order theories have mainly been proposed for
inhomogeneous structures, and hence are presented below. The mod-
els presented in the 1877 Lévy’s memoir were ahead of their time,
with a displacement field which depends on z through the sum of a
polynomial of degree 3 and a sine function.
Laminated composite plates, including sandwich panels, are an
important class of structures, widely used in the industrial field. The
mechanical behaviour of such structures is difficult to model in the
general case, because of their heterogeneous nature. Although previ-
ous works on heterogeneous plates and/or sandwiches have been done
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by authors like Lekhnitskii [14], Reissner [15, 16] among others, the
Classical Lamination Theory, which is the multilayer extension of the
Love–Kirchhoff theory is generally atributed to Stravsky [17], Reiss-
ner and Stavsky [18], and Dong & al. [19]. The First order Shear
Deformation laminated plate Theory (FoSDT) based on the Hencky–
Mindlin theory is attributed to Yang & al. [20] and Whitney [21, 22].
The use of shear correction factors is here mandatory because the over-
estimation of the FoSDT for shear stiffnesses is even worse for lami-
nated and sandwich structures than for homogeneous ones. Although
everybody agree for the value of 5/6 for the shear correction factor for
homogeneous plates in static studies, values for the 3 needed correc-
tion factors of general laminates may take different values depending
on the method used to calculate them [23–25] and it has been proved
that they depend on the wavelength [26].
It is possible to model laminated plates with a layerwise approach,
but this leads to a number of unknowns which depends on the number
of layers, which may be large. This class of layerwise (LW) theories
is opposed to the class of equivalent single layer (ESL) theories which
contains all the previously cited theories. In the ESL class, theories
have a more or less great number of unknowns, but which does not
depend on the number of layers.
In this ESL framework, the complex behaviour of laminated struc-
tures has pushed researchers into proposing higher order plate theories.
These plate theories are characterized by the use a displacement field
with a higher order (higher than one) dependence on the normal co-
ordinate z. Except the work of Whitney [27] which presents a second
order theory, the well known and commonly used higher order theories
are of order 3 like the Levinson’s [28] and Reddy’s [29] ones. Other
higher order theories have been proposed in following works, which
differ on the unknowns which are considered, the order of the devel-
opments, etc. [30]. Non polynomial theories have also been proposed,
characterized by the use of trigonometric, hyperbolic or such similar
functions of z to model the displacement field [31–33]. They are often
considered and classified as higher order theories.
Some a priori LW models can reduce to ESL models with the help
of assumptions between the fields in each layer. Zig-Zag (ZZ) models
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enter in this category. Early works of Lekhnitskii [34] and Ambart-
sumyan [35] have been classified as such by Carrera [36] who shows
also that other authors have integrated the multilayer structure in their
model [21, 37, 38] in a very similar manner. The main idea of ZZ
models is to let in-plane displacements vary with z according to the su-
perposition of a zig-zag law to a global law – cubic for example. With
these models, shear stresses can satisfy both continuity at interfaces
and null (or prescribed) values at the top and bottom faces of the plate.
In reference [39], authors present a plate model with four warping
functions (WFs) ϕαβ(z) which embed the transverse shear behaviour
into the displacement field. These functions are issued, for each lam-
ination sequence, from 3D elasticity solutions. An important conclu-
sion of this paper is that, as all “without-normal-stretching” models
use reduced stiffnesses according to the generalized plane stress as-
sumption, the comparison of these models with an exact 3D solution
has no sense for very low length-to thickness ratios like 2 or 4. The
results provided by these models can however be compared to an exact
solution for virtual laminates which have been highly stiffened in the
z direction, see the paper [39] for more details. The corollary is that,
to compare models with 3D solutions at very low length-to-thickness
ratios, models must integrate the normal stretching behaviour.
Plate theories taking into account the normal stretching behaviour
have been proposed since a long time [11, 16] and in many other works
as it can be seen in recent reviews on the subject [40–42]. However,
there is a recent interest for them, motivated by the need to accurate
simulations of sandwich panels [43] and functionally graded materials.
In reference [44] a trigonometric plate theory with normal stretching
is developed. It presents an interesting mechanism to adapt the slopes
of the shear and normal WFs, with a choice depending on the length-
to-thickness ratio, which illustrate the need to such adaptation. In the
present paper, as in the corresponding previous work [39], we use WFs
that depends on length-to-thickness ratios because they are issued from
3D elasticity solutions. In the same reference [44], there is no coupling
between the x and y directions in the kinematic. Further, this theory be-
longs in a particular class of theories which consider a splitting of the
transverse displacement into two parts w = wb + ws, where wb and ws
are respectively the bending and shear contributions to deflection. This
splitting seems to have been first introduced to avoid problems with
the clamped boundary condition for Reddy’s like third-order models,
as it is explained in reference [45]. In this reference, in addition to
the ws unknown, independent shear strain unknowns are considered.
Although this splitting remains interesting, using it without indepen-
dent shear strain unknowns, as it is done in reference [44] and other
similar works, leads (according to formulas 2d–e and 3h–m of refer-
ence [44]) to γxz,y = γyz,x which may be restrictive. In reference[46]
a refined zig-zag model called RZT {2,2} is used to study cross-ply
laminates with a high number of layers including adhesive layers and
resin-rich layers. The model has 11 unknown functions that do not
correspond to the 7 of the present paper, and therefore cannot easily
be implemented for comparison. In addition, no angle-ply, nor general
lamination scheme are studied and the model has no coupling between
the x and y direction in its kinematic.
The present theory is an extension of one of the two models pre-
sented in reference [39], aiming to take into account the normal defor-
mation. Two supplementary unknowns and a fifth WF ϕ33(z) are used
to model the stretching phenomenon. The theory is compared to other
theories and to exact solutions.
2. Considered plate theory
2.1. Laminate definition and index convention
The laminate, of height h, is composed of N layers. All the quan-
tities are related to unknown functions defined at the z = 0 middle
plane, and which are marked with the superscript 0. In the following,
Greek subscripts take values 1 or 2 and Latin subscripts take values 1,
2 or 3. Einstein’s summation convention is used for subscripts only.
The comma used as a subscript index means the partial derivative with
respect to the following indices.
2.2. Displacement, strain and stress fields
The kinematic assumptions of the theory areuα(x, y, z) = u0α(x, y) − zw0,α(x, y) + ϕαβ(z)γ0β3(x, y)u3(x, y, z) = w0(x, y) + zε033(x, y) + ϕ33(z)κ033(x, y)
(1a)
(1b)
where u0α(x, y), w
0(x, y) are the in-plane displacements and the deflec-
tion evaluated at z = 0, γ0α3(x, y) are the engineering transverse shear
strains evaluated at z = 0−, ε033(x, y) and κ
0
33(x, y) are the values of the
first and second derivatives of w(x, y, z) with respect to z at z = 0−,
and ϕαβ(z) and ϕ33(z) are the five WFs, which are continuous. The
unknowns which are evaluated at z = 0− correspond to quantities
which may be discontinuous if an interface between different mate-
rials is located at the middle plane z = 0. The above definitions imply
ϕαβ(0) = 0, ϕ33(0) = ϕ′33(0
−) = 0 and ϕ′′33(0
−) = 1. The associated
strain field is derived from equation (1):
εαβ(x, y, z) = ε0αβ(x, y) − zw0,αβ(x, y) +
1
2
(
ϕαγ(z)γ0γ3,β(x, y)
+ ϕβγ(z)γ0γ3,α(x, y)
)
εα3(x, y, z) =
1
2
(
ϕ′αβ(z)γ
0
β3(x, y) + zε
0
33,α(x, y)
+ ϕ33(z)κ033,α(x, y)
)
ε33(x, y, z) = ε033(x, y) + ϕ
′
33(z)κ
0
33(x, y)
(2a)
(2b)
(2c)
In addition to the aforementioned conditions, equation (2b) shows that
the WFs must also verify ϕ′αβ(0
−) = δαβ.
Applying Hooke’s law leads to the following stress field (x and y
are omitted for clarity):
σαβ(z) = Cαβγδ(z)
(
ε0γδ − zw0,γδ + ϕγµ(z)γ0µ3,δ
)
+ Cαβ33(z)
(
ε033 + ϕ
′
33(z)κ
0
33
)
σα3(z) = Cα3β3(z)
(
ϕ′βµ(z)γ
0
µ3 + zε
0
33,β + ϕ33(z)κ
0
33,β
)
σ33(z) = C33αβ(z)
(
ε0αβ − zw0,αβ + ϕαµ(z)γ0µ3,β
)
+ C3333(z)
(
ε033 + ϕ
′
33(z)κ
0
33
)
(3a)
(3b)
(3c)
2.3. Strain energy, generalized forces and strains
Let us now consider the strain energy surface density:
J =
1
2
∫ h/2
−h/2
εi jσi jdz =
1
2
∫ h/2
−h/2
(
εαβσαβ + 2εα3σα3 + ε33σ33
)
dz
=
1
2
∫ h/2
−h/2
[ (
ε0αβ − zw0,αβ + ϕαγ(z)γ0γ3,β
)
σαβ
+
(
ϕ′αβ(z)γ
0
β3 + zε
0
33,α + ϕ33(z)κ
0
33,α
)
σα3
2
+
(
ε033 + ϕ
′
33(z)κ
0
33
)
σ33
]
dz (4)
It can also be written
J =
1
2
[
ε0αβNαβ + κ
0
αβMαβ + γ
0
γ3,βPγβ + γ
0
α3Nα3
+ κ0α3 Mα3 + κ
0
33,αPα3 + ε
0
33N33 + κ
0
33 M33
]
(5)
where κ0αβ = −w0,αβ and κ0α3 = ε033,α, naturally introducing the 18 fol-
lowing quantities which are the generalized forces,
{Nαβ,Mαβ, Pγβ} =
∫ h/2
−h/2
{1, z, ϕαγ(z)}σαβ(z)dz
{Nβ3,Mα3, Pα3} =
∫ h/2
−h/2
{ϕ′αβ(z), z, ϕ33(z)}σα3(z)dz
{N33,M33} =
∫ h/2
−h/2
{1, ϕ′33(z)}σ33(z)dz
(6a)
(6b)
(6c)
each associated with a corresponding generalized displacement in the
strain energy formula (5). They are then set, by type, into vectors
N =

N11
N22
N12
N33
 M =

M11
M22
M12
M33
 P =

P11
P22
P12
P21

N =
{
N13
N23
}
M =
{
M13
M23
}
P =
{
P13
P23
}
(7)
and the same is done for the corresponding generalized strains:
ε =

ε011
ε022
2ε012
ε033
 κ =

κ011
κ022
2κ012
κ033
 Γ =

γ013,1
γ023,2
γ013,2
γ023,1

γ =
{
γ013
γ023
}
λ =
{
κ013
κ023
}
µ =
{
κ033,1
κ033,2
}
(8)
2.4. Laminate behaviour
Generalized forces are linked with the generalized strains by the
12 × 12 and 6 × 6 following stiffness matrices
N
M
P
 =
 A B EB D FET FT G


ε
κ
Γ
 and

N
M
P
 =
H I JIT K LJT LT O


γ
λ
µ
 (9)
with the following definitions
{Aαβγδ, Bαβγδ,Dαβγδ, Eαβµδ, Fαβµδ,Gνβµδ} =
∫ h/2
−h/2
Cαβγδ(z)∗
{1, z, z2, ϕγµ(z), zϕγµ(z), ϕαν(z)ϕγµ(z)}dz
{Aαβ33, Bαβ33, B33αβ,Dαβ33, E33γβ, F33γβ} =
∫ h/2
−h/2
C33αβ(z)∗
{1, ϕ′33(z), z, zϕ′33(z), ϕαγ(z), zϕαγ(z)}dz
{A3333, B3333,D3333} =
∫ h/2
−h/2
C3333(z){1, ϕ′33(z), ϕ′233(z)}dz
{Hα3β3, Iα3δ3, Jγ3δ3,Kα3β3, Lα3δ3,Oγ3δ3} =
∫ h/2
−h/2
Cγ3δ3(z)∗
{ϕ′γα(z)ϕ′δβ(z), zϕ′γα(z), ϕ′γα(z)ϕ33(z), z2, zϕ33(z), ϕ233(z)}dz (10)
and:
A33αβ = Aαβ33 ; D33αβ = Dαβ33 (11)
Taking into account symmetries, this leads to (in the order which their
appear in formulas (10)) 6 + 6 + 6 + 12 + 12 + 10 + 3 + 3 + 3 + 3 + 4 +
4 + 1 + 1 + 1 + 3 + 4 + 4 + 3 + 3 + 3 = 95 independent stiffnesses in the
more general case.
2.5. Kinetic energy
With the help of the displacement field expressions (1), the kinetic
energy surface density Ec(x, y) of the structure can be written
Ec(x, y) =
1
2
∫ h/2
−h/2
ρ(x, y, z)u˙i(x, y, z)u˙i(x, y, z)dz
=
1
2
(
Ru˙0αu˙
0
α − 2S u˙0αw˙0,α + 2Uαβu˙0αγ˙0β3 + Tw˙0,αw˙0,α
− 2Vαβw˙0,αγ˙0β3 + Wαβγ˙0α3γ˙0β3 + R(w˙0)2 + T (ε˙033)2
+W (κ˙033)
2 + 2S w˙0ε˙033 + 2U w˙
0κ˙033 + 2V ε˙
0
33κ˙
0
33
)
(12)
where the following generalized mass have been considered:
{R, S ,T,Uαβ,Vαβ,Wαβ,U ,V ,W } =
∫ h/2
−h/2
ρ(z)∗
{1, z, z2, ϕαβ(z), ϕαβ(z)z, ϕµα(z)ϕµβ(z), ϕ33(z), zϕ33(z), ϕ233(z)}dz (13)
Note that the Uαβ and Vαβ are antisymmetric tensors but Wαβ is sym-
metric. Then, there are 17 independent mass coefficients to consider.
2.6. Laminate equations of motion
Let us recall the equilibrium conditions within a solid. Without
loss of generality, body forces are neglected here, and the previous
convention on indices is kept:
{
σαβ,β + σα3,3 = ρu¨α
σα3,α + σ33,3 = ρu¨3
(14a)
(14b)
Integrating the equations of equilibrium (14) over the thickness
with the help of formulas (1), (6) and (13) leads toNαβ,β + [σα3(z)]
h/2
−h/2 = Ru¨
0
α − S w¨0,α + Uαβγ¨0β3
Qcα,α + [σ33(z)]
h/2
−h/2 = Rw¨
0 + S ε¨033 +U κ¨
0
33
(15a)
(15b)
where the Qcα are the classical shear forces. In order to get more
equations, weighted integrals over the thickness of equation (14a) with
weight functions z and ϕαγ(z), and of equation (14b) with weight func-
tions z and ϕ33(z) are computed. It gives six more equations:
Mαβ,β + [σα3(z)z]
h/2
−h/2 − Qcα = S u¨0α − Tw¨0,α + Vαβγ¨0β3
Pγβ,β + [ϕαγ(z)σα3(z)]
h/2
−h/2 − Nγ3 = Uαγu¨0α − Vαγw¨0,α + Wγβγ¨0β3
Mα3,α + [zσ33(z)]
h/2
−h/2 − N33 = S w¨0 + T ε¨033 + V κ¨033
Pα3,α + [ϕ33(z)σ33(z)]
h/2
−h/2 − P33 = U w¨0 + V ε¨033 +W κ¨033
(16a)
(16b)
(16c)
(16d)
Let {q, r, s} = [σ33(z){1, z, ϕ33(z)}]h/2−h/2 denote the values of the trans-
verse loading and associated moments, and suppose there is no tan-
gential forces on the top and bottom of the plate, so σα3(−h/2) =
σα3(h/2) = 0. We shall note that there is no generalized strains corre-
sponding to the classical shear forces Qcα. They must be eliminated. It
3
is done by setting values of Qcα obtained from formula (16a) into equa-
tion (15b). This leads to the plate equilibrium system of equations (7
equations with 7 unknown functions):
Nαβ,β = Ru¨0α − S w¨0,α + Uαβγ¨0β3
Mαβ,βα + q = Rw¨0 + S u¨0α,α + S ε¨
0
33 − Tw¨0,αα +U κ¨033 + Vαβγ¨0β3,α
Pαβ,β − Nα3 = Uβαu¨0β − Vβαw¨0,β + Wαβγ¨0β3
Mα3,α + r − N33 = S w¨0 + T ε¨033 + V κ¨033
Pα3,α + s − P33 = U w¨0 + V ε¨033 +W κ¨033
(17a)
(17b)
(17c)
(17d)
(17e)
3. Warping functions issued from an exact 3D solution
The set of WFs is issued from the 3D analytical solution of the
bending of a simply supported rectangular plate submitted to a bi-sine
load (see section 5.1 for details). For dynamic studies, the static solu-
tion is replaced by the response of the plate to a bi-sine load at a given
frequency. Let us define three points of the middle plane A ( a2 , 0), B
(0, b2 ) and C (
a
2 ,
b
2 ), where a and b are the side lengths of the plate. The
two-step procedure is described in the following.
3.1. Computation of the ϕ33(z) warping function
The through-the-thickness variations of the normal strain ε33 and
its z-derivative ε′33 are computed at the centre of the plate C. Then,
according to the nature of the strain field, equation (2c), the derivative
of the normal WF is computed using:
ϕ′33(z) =
ε33( a2 ,
b
2 , z) − ε33( a2 , b2 , 0−)
ε′33(
a
2 ,
b
2 , 0
−)
(18)
The bending of various laminates has been investigated including those
of this study, and the case where ε′33(
a
2 ,
b
2 , 0
−) = 0 has not yet occurred.
As the normal WF must verify ϕ33(0) = 0, it is computed using:
ϕ33(z) =
∫ z
0
ϕ′33(ζ)dζ (19)
3.2. Computation of the ϕαβ(z) warping functions
Considering equation (3b), we see that the ϕ′αβ are directly linked
to the σα3. Introducing the transverse shear stresses σ0δ3(x, y) at z = 0
into this equation lead to
σα3(z) = Cα3β3(z)
(
4ϕ′βγ(z)S γ3δ3(0)σ
0
δ3 + zε
0
33,β + ϕ33(z)κ
0
33,β
)
(20)
where S γ3δ3 are components of the compliance tensor.
This can be written
σα3(z) = Ψ′αβ(z)σ
0
β3 + Cα3β3(z)
(
zε033,β + ϕ33(z)κ
0
33,β
)
(21)
where:
Ψ′αβ(z) = 4Cα3δ3(z)ϕ
′
δγ(z)S γ3β3(0) (22)
The Ψ′αβ(z) cannot be issued directly from equation (21) because there
are four functions to be determined from two stress variations, lead-
ing to infinitely many solutions. The main idea is to issue the four
functions Ψ′αβ(z) from the transverse shear stresses in two separate lo-
cations on the plate, points A and B. Since the deformation of the plate
is of the form (29), the transverse shear stresses at the reference plane
are of the form:σ013(x, y) = s13 cos(ξx) sin(ηy) + s13 sin(ξx) cos(ηy)σ023(x, y) = s23 sin(ξx) cos(ηy) + s23 cos(ξx) sin(ηy)
(23)
(24)
We can also write:ε033(x, y) = e33 sin(ξx) sin(ηy) + e33 cos(ξx) cos(ηy)κ033(x, y) = k33 sin(ξx) sin(ηy) + k33 cos(ξx) cos(ηy)
(25)
(26)
These shear stresses are evaluated at points A and B for which:
– at point A, x = a/2 and y = 0, then σ013(A) = s13, σ
0
23(A) = s23,
ε033,1 = −ξe33, ε033,2 = ηe33, κ033,1 = −ξk33 and κ033,2 = ηk33
– at point B, x = 0 and y = b/2, then σ013(B) = s13, σ
0
23(B) = s23
ε033,1 = ξe33, ε
0
33,2 = −ηe33, κ033,1 = ξk33 and κ033,2 = −ηk33
Setting these local values into formula (21) leads to the following sys-
tem: 
s13 0 s23 0
0 s23 0 s13
s13 0 s23 0
0 s23 0 s13


Ψ′11
Ψ′22
Ψ′12
Ψ′21
 =

σ13(B)
σ23(A)
σ13(A)
σ23(B)
−
ξC1313 ηC1323 ξC1313 ηC1323
ηC2323 ξC2313 ηC2323 ξC2313
ηC1323 ξC1313 ηC1323 ξC1313
ξC2313 ηC2323 ξC2313 ηC2323


ze33
−ze33
ϕ33(z)k33
−ϕ33(z)k33
 (27)
The Ψ′αβ(z) are obtained from the resolution of this system; ϕ
′
αβ(z) are
then obtained using the reciprocal of equation (22):
ϕ′αβ(z) = 4S α3δ3(z)Ψ
′
δγ(z)Cγ3β3(0) (28)
Then, integrating the ϕ′αβ(z) so that ϕαβ(0) = 0 gives the four WFs
ϕαβ(z).
3.3. Practical considerations
The way to use this theory in practical cases needs to be discussed.
The WFs always exist, once the materials, the lamination sequence, the
length-to-thickness ratios a/h and b/h, frequencyω, and the wavenum-
bers m and n are given. The WFs are computed using the above pro-
cedure, which is based on an analytical solution of a simply supported
bending problem. A question which may be addressed is: how to link
a general problem with the specific one from which will be issued the
WFs? While waiting for more relevant strategies, one has to choose
a/h and b/h (and ω, m and n if necessary) which are representative of
the studied structure, regardless of the nature of applied boundary con-
ditions and applied load, and then compute the WFs with the above
process. These WFs implicitly depend on all previously enumerated
parameters, which is not the case of most of the kinematics proposed
until this date. In this paper, it is shown that the model which uses these
WFs performs better than other explicit kinematics of same order for
the solving of simply supported problems. For more general problems,
involving other boundary conditions, various loads, complex geome-
tries, the results can depend on the choices mentioned above. Hence
further studies need to be done to compare the different approaches.
Remark: It is even possible not to determine the aforementioned
parameters, and set default values, for example a/h = b/h = 100,
ω = 0, m = n = 1. Doing this leads to usable WFs, which are similar
in shape to those of the two zig-zag theories which have been retained
here for comparison. This default setting has not been studied.
4. Solving method by a Navier-like procedure
A Navier-like procedure is implemented to solve both static and
dynamic problems for a simply supported plate. The dynamic study
is restricted to the search of the first natural frequency. For laminates
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which are not of cross-ply nor anti-symmetrical angle-ply types, the
simply supported boundary condition is replaced by a globally sim-
ply supported condition. In this case, the plate could have a non-null
deflection on its edges with respect of an antisymmetry with the op-
posite edge, and the first vibration mode splits into two modes, see
reference [47] for more details.
The Fourier series is limited to one term, hence the generalized
displacement field is
u1
u2
w
γ13
γ23
ε33
κ33

=

umn1 cos(ξx) sin(ηy) +u
mn
1 sin(ξx) cos(ηy)
umn2 sin(ξx) cos(ηy) +u
mn
2 cos(ξx) sin(ηy)
wmn sin(ξx) sin(ηy) +wmn cos(ξx) cos(ηy)
γmn13 cos(ξx) sin(ηy) +γ
mn
13 sin(ξx) cos(ηy)
γmn23 sin(ξx) cos(ηy) +γ
mn
23 cos(ξx) sin(ηy)
εmn33 sin(ξx) sin(ηy) +ε
mn
33 cos(ξx) cos(ηy)
κmn33 sin(ξx) sin(ηy) +κ
mn
33 cos(ξx) cos(ηy)

(29)
with
ξ =
mpi
a
and η =
npi
b
where m and n are wavenumbers, set to 1 in this study. Consider-
ing formula (29), the motion equations of section 2.6 give a stiffness
and a mass matrix, respectively [K] and [M], related to the vector
{U} = {umn1 , umn2 . . . εmn33 , κmn33 }. The static case is treated solving the lin-
ear system [K]{U} = {F}, where {F} is a force vector containing −qmn,
−rmn and −smn for its third, sixth and seventh components. Solving the
dynamic case consists in researching the generalized eigenvalues for
matrices [K] and [M].
5. Reference models retained for comparisons
The model presented in section 2, which uses five WFs issued from
transverse shear and normal stresses of analytical solutions, will be
denoted 3D-5WF. The results obtained with the 3D-5WF model are
compared to those obtained with different models issued from the lit-
erature and with the exact analytical solution. These reference models
are presented below.
5.1. Exact solution (Exa)
Each studied case is solved by a state-space method described in
reference [47]. This method is a generalization for general lamination
sequences of existing methods for cross-ply and antisymmetric angle-
ply lamination sequences. In this work, the exact solution is used to ob-
tain deflections, stresses and natural frequencies taken as reference for
comparisons, but it is also used to create sets of WFs for both 3D-4WF
and 3D-5WF models, as explained in section 3. The corresponding
solution is denoted Exa in the following text and in tables.
5.2. Models without normal deformation
Some more or less classical models have been chosen for compar-
ison matters. They offer the advantage to be easily simulated with the
present model when appropriate sets of WFs are selected:
– ToSDT, Third-order Shear Deformation Theory: often called Reddy’s
third order theory, verifies that transverse shear stresses are null at the
top and bottom faces of the plate. It is simulated using the following
WFs (δKαβ is the Kronecker’s delta symbol):
ϕαβ(z) = δKαβ
(
z − 4
3
z3
h2
)
(30)
– ToZZ-4, Third-order Zig-Zag model with 4 WFs: This formulation,
presented in references [38, 48] consists in superimposing a cubic dis-
placement field, which permits the transverse shear stresses to be null
at the top and bottom faces of the laminate, to a zig-zag displacement
field issued from the continuity of the transverse shear stresses at layer
interfaces. This model can be rewritten with the following formulas.
Let denote the `-th interface coordinate by z = ζ`, then the layer `
is situated between z = ζ`−1 and z = ζ`. The WFs are the following
piecewise-defined functions{
ϕ`αβ(z) = aαβz
3 + bαβz2 + c`αβz + d
`
αβ
for ζ`−1 ≤ z ≤ ζ` (31)
the 8(N + 1) constants are determined solving the 8(N + 1) equations
ϕ
`0
αβ(0) = 0 , ϕ
′`0
αβ (0) = δαβ , ϕ
`
αβ(ζ
`) = ϕ`+1αβ (ζ
`)
C1α3β3ϕ
′1
βγ(−h/2) = 0 , CNα3β3ϕ′Nβγ (h/2) = 0
C`α3β3ϕ
′`
βγ(ζ
`) = C`+1α3β3ϕ
′`+1
βγ (ζ
`)
(32)
where `0 is the lower layer containing the z = 0 plane.
– SiZZ-4, Sine Zig-Zag model with 4 WFs: This model, inspired from
the Beakou-Touratier model [49], verifies the continuity of transverse
shear stresses at the layers’ interfaces. The original model has been
enhanced in this study in order to obtain a good behaviour for gen-
eral lamination sequences, both sine and cosine functions being now
present in the 4 WFs. With the same definitions for layer coordi-
nates than in the previous model, the WFs are the following piecewise-
defined functions:{
ϕ`αβ(z) = aαβ sin
(
piz
h
)
+ bαβ cos
(
piz
h
)
+ c`αβz + d
`
αβ
for ζ`−1 ≤ z ≤ ζ` (33)
The constants are determined with the method already described (see
formulas (32)).
– 3D-4WF, this model, which has been briefly presented in the intro-
duction, is issued from reference [39].
5.3. Models with normal deformation
The three first models described in the precedent section, have
been extended in order to take into account a normal deformation.
This has been done considering a modified displacement field includ-
ing equation (1b), with the following choice of ϕ33(z):
ϕ33(z) =
z2
2
(34)
These three models will be denoted EToSDT, ToZZ-5 and SiZZ-5.
6. Numerical results
This section proposes the study of five laminate configurations in-
cluding an isotropic plate, two single layer orthotropic plates and a
sandwich panel. Three materials are involved, an isotropic material
for the isotropic plate, an orthotropic composite material for all lam-
inates and an honeycomb-type material for the core of the sandwich
panel. All the properties are given in table 1. For all computations, the
loading is divided into two equal parts which are applied to the top and
bottom faces.
Deflections w, first natural frequenciesω and stressesσi3 are nondi-
mensionalized using the following formulas
w∗ = 100
Eref2 h
3
(−q)a4 w , ω
∗ =
a2
h
√
ρref
Eref2
ω , σ∗i3 = 10
h
(−q)aσi3 (35)
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E1 E2 E3 G23 G13 G12 ν23 ν13 ν12 ρ
Isotropic mat. (i) Ei Ei Ei 0.4Ei 0.4Ei 0.4Ei 0.25 0.25 0.25 ρi
Composite (c) 25Ec2 E
c
2 E
c
2 0.2E
c
2 0.5E
c
2 0.5E
c
2 0.25 0.25 0.25 ρ
c
Honeycomb (h) Eh2 E
c
2/25 12.5E
h
2 1.5E
h
2 1.5E
h
2 0.4E
h
2 0.02 0.02 0.25 ρ
c/15
Table 1: Material properties.
a/h Model w∗ % σ13(B) % σ23(A) % ω∗ %
2 ToSDT 6.6282 +9.24 2.2585 −0.81 2.2585 −0.81 3.7249 −0.86
ToZZ-4 6.6282 +9.24 2.2585 −0.81 2.2585 −0.81 3.7249 −0.86
SiZZ-4 6.6096 +8.93 2.2421 −1.52 2.2421 −1.52 3.7288 −0.76
3D-4WF 6.6347 +9.35 2.2756 −0.05 2.2756 −0.05 3.7239 −0.89
EToSDT 6.0989 +0.52 2.2448 −1.41 2.2448 −1.41 3.7712 +0.37
ToZZ-5 6.0989 +0.52 2.2448 −1.41 2.2448 −1.41 3.7712 +0.37
SiZZ-5 6.0724 +0.08 2.2267 −2.20 2.2267 −2.20 3.7793 +0.59
3D-5WF 6.0674 −0.00 2.2769 +0.00 2.2769 +0.00 3.7573 +0.00
Exact 6.0675 2.2769 2.2769 3.7572
4 ToSDT 3.8335 +2.73 2.3547 −0.30 2.3547 −0.30 4.9620 −0.45
ToZZ-4 3.8335 +2.73 2.3547 −0.30 2.3547 −0.30 4.9620 −0.45
SiZZ-4 3.8313 +2.67 2.3505 −0.48 2.3505 −0.48 4.9633 −0.43
3D-4WF 3.8336 +2.73 2.3557 −0.26 2.3557 −0.26 4.9620 −0.45
EToSDT 3.7296 −0.06 2.3500 −0.50 2.3500 −0.50 4.9890 +0.09
ToZZ-5 3.7296 −0.06 2.3500 −0.50 2.3500 −0.50 4.9890 +0.09
SiZZ-5 3.7238 −0.21 2.3452 −0.71 2.3452 −0.71 4.9927 +0.16
3D-5WF 3.7317 −0.00 2.3619 +0.00 2.3619 +0.00 4.9846 +0.00
Exact 3.7317 2.3619 2.3619 4.9846
10 ToSDT 3.0392 +0.48 2.3821 −0.05 2.3821 −0.05 5.6940 −0.10
ToZZ-4 3.0392 +0.48 2.3821 −0.05 2.3821 −0.05 5.6940 −0.10
SiZZ-4 3.0390 +0.47 2.3814 −0.08 2.3814 −0.08 5.6942 −0.10
3D-4WF 3.0392 +0.48 2.3821 −0.05 2.3821 −0.05 5.6940 −0.10
EToSDT 3.0239 −0.02 2.3813 −0.09 2.3813 −0.09 5.7005 +0.01
ToZZ-5 3.0239 −0.02 2.3813 −0.09 2.3813 −0.09 5.7005 +0.01
SiZZ-5 3.0231 −0.05 2.3805 −0.12 2.3805 −0.12 5.7013 +0.03
3D-5WF 3.0246 −0.00 2.3834 +0.00 2.3834 +0.00 5.6998 +0.00
Exact 3.0246 2.3834 2.3834 5.6998
Table 2: Comparison between the different models for the square [iso] isotropic
plate with various length-to-thickness ratios.
where Eref2 and ρ
ref are taken as values of the core material for the
sandwich and as values of the corresponding material for other cases.
All transverse and normal stresses appearing in tables and figures
have been computed integrating equilibrium equations, in accordance
with the in-plane kinematics of each model.
6.1. Square isotropic plate
For this first study, the WFs of different models do not strongly
differ, it is the reason why they are not plotted. Such comparisons
are let for the following examples. It can be seen in table 2 that for
a/h = 2, all “extended” models give better results for the deflection
than the original model they are issued from. The results on transverse
stresses are less good but quite comparable. Replacing the Poisson’s
coefficient value of 0.25 by 0.35 leads to a change in the ranking of the
ZZ models. Table 2 also shows that results of models without normal
deformation are better if a/h takes higher values.
6.2. Square [0] composite plate
In table 3, results show an inverse tendency than for the previous
case: all “extended” models show less good results for the deflection
than original models, except the 3D-5WF model. All models, except
the 3D-4WF and 3D-5WF models which have material-sensitive WFs,
have the same WFs for an orthotropic single layer plate than for an
isotropic single layer one. It can be seen that small differences in the
kinematic assumptions of models can have great influence in results.
The 3D-4WF and 3D-5WF models have different WFs for the x and
−0.4 −0.2 0 0.2 0.4
−h/2
0
h/2
ϕ11(z)
−0.4 −0.2 0 0.2 0.4
ϕ22(z)
EToSDT ToZZ-5 SiZZ-5 3D-5WF
Figure 1: Transverse shear WFs of the [0] single ply composite plate with
a/h = 2 for each model.
0 1 2 3
−h/2
0
h/2
σ∗13(0, b/2)
0 0.5 1
σ∗23(a/2, 0)
EToSDT ToZZ-5 SiZZ-5 3D-5WF Exact
Figure 2: Nondimensionalized transverse shear stresses of the [0] single ply
composite plate with a/h = 2 for each model.
y directions, φ11(z) , φ22(z), as it can be seen in figure 1. This is
due to different shear/longitudinal modulus ratios in the x and y direc-
tions. For all the other models ϕ11(z) = ϕ22(z). The WFs of classical
models are not presented because they are the same than those of the
corresponding extended models. Those of the 3D-4WF have not been
presented for clarity. Further, even if the differences on the WFs are
small, strong differences can be observed when stresses are computed,
as shown in figure 2. Due to their formulation, the ToZZ-5 and the
EToSDT coincide for a one layer plate, and the SiZZ-5 model do not
strongly differ from the two previous. These three models give trans-
verse shear stresses that differ from the exact solution, especially in the
x direction. This shows that the z−4z3/(3h2) function, and also the sine
function of model SiZZ-5, are not able to fit the behaviour of material
with a shear/longitudinal modulus ratio of 0.02 that differs strongly
from the isotropic case. On the contrary, as G23/E2 = 0.2, value closer
to the previous isotropic ratio of 0.4, the σ22 stress is better fitted by
these models. This may also explain why, unlike the previous case, the
“extended” models give worse deflection values than the correspond-
ing originals ones. The 3D-5WF model, with its material sensitive
formulation, predicts the good values for transverse stresses.
6
a/h Model w∗ % σ13(B) % σ23(A) % σ23(B) % σ13(A) % ω∗ %
2 ToSDT 4.5790 +1.28 2.0341 −28.67 0.85133 −15.31 −0.023725 −146.74 −0.32813 +120.90 4.3340 +1.69
ToZZ-4 4.5790 +1.28 2.0341 −28.67 0.85133 −15.31 −0.023725 −146.74 −0.32813 +120.90 4.3340 +1.69
SiZZ-4 4.4701 −1.13 1.8732 −34.32 0.82083 −18.35 −0.035293 −169.54 −0.34270 +130.70 4.3751 +2.65
3D-4WF 4.8302 +6.83 3.1726 +11.25 0.96488 −4.02 0.079416 +56.47 −0.096157 −35.27 4.2546 −0.17
EToSDT 4.3224 −4.40 2.0338 −28.69 0.92225 −8.26 −0.019114 −137.66 −0.30920 +108.15 4.3533 +2.14
ToZZ-5 4.3224 −4.40 2.0338 −28.69 0.92225 −8.26 −0.019114 −137.66 −0.30920 +108.15 4.3533 +2.14
SiZZ-5 4.2211 −6.64 1.8767 −34.19 0.89293 −11.18 −0.030121 −159.35 −0.32308 +117.50 4.3956 +3.14
3D-5WF 4.5208 −0.01 2.8537 +0.06 1.0061 +0.08 0.052901 +4.23 −0.13928 −6.24 4.2672 +0.12
Exact 4.5212 2.8519 1.0053 0.050756 −0.14854 4.2620
Table 4: Comparison between the different models for the square [5] composite plate with a/h = 2.
0 5 · 10−2 0.1
−h/2
0
h/2
ϕ33(z)
−2 0 2
σ∗33(a/2, b/2, z)
EToSDT ToZZ-5 SiZZ-5 3D-5WF Exact
Figure 3: Normal WF and nondimensionalized normal stress for the [0] single
ply composite plate with a/h = 2 for each model. By definition, the exact ϕ33
coincides with the 3D-5WF one, hence it is not plotted.
a/h Model w∗ % σ13(B) % σ23(A) % ω∗ %
2 ToSDT 4.5262 +1.19 2.0291 −28.93 0.85739 −14.09 4.6223 +2.50
ToZZ-4 4.5262 +1.19 2.0291 −28.93 0.85739 −14.09 4.6223 +2.50
SiZZ-4 4.4160 −1.27 1.8654 −34.66 0.82793 −17.04 4.6769 +3.72
3D-4WF 4.7804 +6.87 3.1758 +11.24 0.95157 −4.65 4.5040 −0.12
EToSDT 4.2714 −4.51 2.0287 −28.94 0.92807 −7.00 4.6396 +2.89
ToZZ-5 4.2714 −4.51 2.0287 −28.94 0.92807 −7.00 4.6396 +2.89
SiZZ-5 4.1689 −6.80 1.8691 −34.53 0.89980 −9.84 4.6949 +4.12
3D-5WF 4.4727 −0.01 2.8556 +0.03 0.99800 +0.00 4.5095 +0.00
Exact 4.4730 2.8549 0.99796 4.5093
Table 3: Comparison between the different models for the square [0] composite
plate with a/h = 2.
6.3. Square [5] composite plate
When used to study cross-ply multilayered plates, the ToZZ-5 and
SiZZ-5 zig-zag models have non null ϕ12 and ϕ21 functions. However,
for an angle-ply single layer plate, these zig-zag models do not lead
to coupling between the x and y directions, which can be seen as a
limitation. Indeed, as we can see in figure 4, only the 3D-5WF model
have non null ϕ12 and ϕ21 functions. It is probably the reason why the
ToZZ-5 and SiZZ-5 models give poor estimates of σ23(B) and σ13(A),
as can be seen in figure 5 and in table 4.
6.4. Square [0/c/0] sandwich plate
Structures exhibiting a high variation of stiffness through the thick-
ness are pertinent benchmarks for plate theories. Consider a square
sandwich plate with ply thicknesses h1 = h3 = 0.1h and h2 = 0.8h.
The face sheets are made of one ply of unidirectional composite and
−0.4 −0.2 0 0.2 0.4
−h/2
0
h/2
ϕ11(z)
−1 0 1
·10−2ϕ12(z)
−4 −2 0 2 4
·10−3
−h/2
0
h/2
ϕ21(z)
−0.4 −0.2 0 0.2 0.4
ϕ22(z)
EToSDT ToZZ-5 SiZZ-5 3D-5WF
Figure 4: Transverse shear WFs of the [5] single ply composite plate with
a/h = 2 for each model.
the core is constituted of a honeycomb-type material. Material prop-
erties are presented in table 1. Results presented in table 5 show this
time that the zig-zag models give correct values.
Figure 6 shows the corresponding WFs for a/h = 2, for all plate
models. Figure 7 presents the transverse shear stresses at points A and
B obtained for all models by the integration of equilibrium equations,
compared to the exact solution, in the a/h = 2 case. One can see that
the σ13 stress is quite overestimated in the skins by the zig-zag models.
The Figure 8 shows the ϕ33(z) WF and the normal stress σ33(z) at point
C. Although the ϕ33 function of the 3D-5WF model differs from the
z2/2 function of formula (34), only little differences can be seen on
σ33, all models giving correct estimates for the normal stress, in this
case.
6.5. Square [−45/0/45/90]s composite plate
This example is given to test the behaviour of all models for a
laminate with more than three layers. The WFs are plotted in figure 9.
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a/h Model w∗ % σ13(B) % σ23(A) % σ23(B) % σ13(A) % ω∗ %
2 ToSDT 4.7092 −8.64 1.9616 +12.37 2.2623 −13.82 1.0600 +304.25 0.94245 +126.05 4.2318 +6.05
ToZZ-4 4.9169 −4.61 1.5936 −8.71 2.7553 +4.96 0.49673 +89.43 0.45655 +9.51 4.1849 +4.87
SiZZ-4 5.1770 +0.44 1.5757 −9.73 2.5427 −3.14 0.51878 +97.84 0.49927 +19.75 4.0188 +0.71
3D-4WF 5.4512 +5.76 1.8548 +6.26 2.8421 +8.27 0.37480 +42.93 0.48120 +15.42 4.0041 +0.34
EToSDT 4.4825 −13.04 1.9471 +11.54 2.2050 −16.00 0.94772 +261.41 0.83878 +101.19 4.2472 +6.43
ToZZ-5 4.6991 −8.83 1.5661 −10.28 2.6994 +2.83 0.36401 +38.82 0.39793 −4.55 4.2069 +5.42
SiZZ-5 4.9483 −4.00 1.5538 −10.99 2.4876 −5.24 0.39432 +50.37 0.43174 +3.56 4.0409 +1.26
3D-5WF 5.1481 −0.12 1.7458 +0.01 2.6239 −0.05 0.22315 −14.90 0.38768 −7.01 3.9907 +0.00
Exact 5.1544 1.7456 2.6252 0.26223 0.41692 3.9905
Table 6: Comparison between the different models for the square [−45/0/45/90]s composite plate with a/h = 2.
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Figure 5: Nondimensionalized transverse shear stresses of the [5] single ply
composite plate with a/h = 2 for each model.
Except for the EToSDT model, which do not contains multilayer in-
formation, all the models present similar WFs, included the ϕ12(z) and
ϕ21(z) ones. However, despite the shapes of transverse stresses shown
in figure 10 which are similar, we can see in table 6 that, due to its
small relative value, σ23(B) can be poorly estimated. Nevertheless,
considering the very low length-to-thickness ratio, results are not so
bad for this example.
7. Conclusion
In this paper, a multilayered equivalent-single-layer plate theory
with normal deformation has been presented. This theory, named 3D-
5WF, is based on the use of five warping functions (WFs), four of them
describing the transverse shear behaviour and the fifth describing the
normal deformation. The five WFs are issued from 3D exact solutions
of the bending (or of the dynamic response) of the simply supported
−0.4 −0.2 0 0.2 0.4
−h/2
−2h/5
2h/5
h/2
ϕ11(z)
−0.4 −0.2 0 0.2 0.4
ϕ22(z)
EToSDT ToZZ-5 SiZZ-5 3D-5WF
Figure 6: Transverse shear WFs of the [0/c/0] sandwich plate with a/h = 2
for each model.
a/h Model w∗ % σ13(B) % σ23(A) % ω∗ %
2 ToSDT 0.85344 −3.47 1.9150 +3.62 1.3300 −4.91 5.4307 +3.45
ToZZ-4 0.88896 +0.55 1.8320 −0.87 1.3570 −2.97 5.3281 +1.50
SiZZ-4 0.89196 +0.89 1.8243 −1.28 1.3615 −2.65 5.3182 +1.31
3D-4WF 0.91009 +2.94 1.8646 +0.90 1.3849 −0.98 5.2703 +0.40
EToSDT 0.83383 −5.69 1.8996 +2.80 1.3491 −3.54 5.4540 +3.90
ToZZ-5 0.86928 −1.68 1.8115 −1.97 1.3824 −1.16 5.3451 +1.82
SiZZ-5 0.87206 −1.36 1.8048 −2.34 1.3858 −0.92 5.3366 +1.66
3D-5WF 0.88411 −0.00 1.8480 +0.00 1.3986 +0.00 5.2493 +0.00
Exact 0.88412 1.8480 1.3986 5.2493
Table 5: Comparison between the different models for the square [0/c/0] sand-
wich plate with a varying length to thickness ratio.
laminate under bi-sine load. Hence the five WFs depend on the lamina-
tion sequence, on the length-to-thickness ratio, and on the frequency.
This leads to an adaptable theory which is able to give precise results
for various laminates including single layer and sandwich plates, re-
gardless of the length-to-thickness ratio which has been lowered up to
2 in this study.
The present theory is compared to other theories and to exact so-
lutions. Theories for comparison are of two kinds: i) models without
normal deformation: the third order shear deformation theory (ToSDT,
Reddy), a third order zig-zag theory (ToZZ4, Cho–Parmerter), a sine
zig-zag theory (SiZZ4, enhancement of the Beakou–Touratier theory),
and a theory based on WFs issued from 3D solutions (3D-4WF, Loredo–
Castel), and ii) enhancements of previous theories allowing normal
deformation, leading to the EToSDT, ToZZ5, SiZZ5 and the 3D-5WF
theories. All these theories have been formulated with the help of WFs,
so the solution procedure is unique. The problem which is solved
for comparison is the simply supported plate with bi-sine load, for
which exact solutions are known. The comparisons are made on de-
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Figure 7: Nondimensionalized transverse shear stresses of the [0/c/0] sand-
wich plate with a/h = 2 for each model.
0 5 · 10−2 0.1
−h/2
0
h/2
ϕ33(z)
−2 0 2
σ∗33(a/2, b/2, z)
EToSDT ToZZ-5 SiZZ-5 3D-5WF Exact
Figure 8: Normal WF and nondimensionalized normal stress for the [0/c/0]
sandwich plate with a/h = 2 for each model. By definition, the exact ϕ33
coincides with the 3D-5WF one, hence it is not plotted.
flections, stresses and fundamental frequencies for length-to-thickness
ratio varying from 2 to 10.
Five lamination sequences are considered. Three single-ply plates
are studied, the [iso] one, made up with an isotropic material, and
the [0] and [5] ones, made up with an orthotropic composite material.
Theories are also compared for the study of a [0/c/0] sandwich plate
and a [−45/0/45/90]s symmetric angle-ply plate.
The study of the [iso] laminate shows that, for very low length-
to-thickness ratios, the theories without normal deformation are not
pertinent, compared to their equivalent with normal deformation.
The EToSDT theory is not material-dependent as it is based on a
cubic WF for the shear behaviour and on a quadratic one for the normal
deformation. The considered zig-zag theories (ToZZ5 and SiZZ5) are
not material-dependent when they are used for a single layer plate. The
study of the [0] laminate shows that the ToZZ5 and SiZZ5 theories
cannot adapt themselves to the different shear/longitudinal modulus
ratio in the x and y directions, in other words ϕ11(z) = ϕ22(z).
The study of the [5] laminate shows that, as the zig-zag mechanism
is inoperative on a one-layer laminate, both ToZZ5 and SiZZ5 theories
give null ϕ12(z) or ϕ21(z) WFs, while they are scheduled to propose non
null ϕ12(z) or ϕ21(z) functions on multilayered angle-ply laminates. On
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Figure 9: Transverse shear WFs of the [−45/0/45/90]s composite plate with
a/h = 2 for each model.
the contrary, the present model have non null cross WFs which better
describes the reality.
The studies of the [0/c/0] sandwich panel and of the [−45/0/45/90]s
laminate, show that, as expected, ZZ theories differentiate themselves
from the ToSDT when multilayered structures are considered. This is
particularly evident when the transverse stresses of the [−45/0/45/90]s
plate are computed. The two considered ZZ models (ToZZ-5 and
SiZZ-5) have four shear WFs which permit them to consider a kine-
matic field that respect the transverse stress continuity at each interface
for angle-ply structures.
All considered theories could have given better results if higher
length-to-thickness ratios had been considered. Low length-to-thick-
ness ratios (2, 4) can be considered as unrealistic, but for dynamic anal-
ysis, the effective length to thickness ratio depends on the wavelength,
then can reach such low values. Comparisons show that the present
theory gives better results than other tested theories, for all considered
lamination sequences, and for all length-to-thickness ratios. However,
this result has to be seen in the special context of this study. Plate
problems solved in this study are simply supported problems with bi-
sine loading. The WFs used for the present theory are issued from
an exact 3D solution of this particular bending problem. Their shapes
depend on the lamination sequence and on the length-to thickness ra-
tio. Although it can be expected that these WFs will perform better
than explicit cubic or sine ZZ WFs in practical cases involving various
boundary conditions, geometry, and loads, results may be not as good
as than those of the academic case. One can say that for studies of
any sort, the local bending and the local effective length-to-thickness
ratio imply different shear behaviours, hence that the WFs should be
defined locally. Further studies need to be done in order to validate or
adapt the process.
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Figure 10: Nondimensionalized transverse shear stresses of the
[−45/0/45/90]s composite plate with a/h = 2 for each model.
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